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^ ' Abstract. This paper studies the rank of the divisor class group 

■^ . of terminal Gorenstein Fano 3-folds. If Y is not Q-factorial, there 

is a small modification of Y with a second extremal ray; Cutkosky, 
following Mori, gave an explicit geometric description of the con- 
tractions of extremal rays on terminal Gorenstein 3-folds. I in- 
. troduce the category of weak-star Fanos, which allows one to run 

\mJ ' the Minimal Model Program (MMP) in the category of Goren- 

•^ . stein weak Fano 3-folds. If Y does not contain a plane, the rank 

of its divisor class group can be bounded by running a MMP on 
a weak-star Fano small modification of Y. These methods yield 
more precise bounds on the rank of CI Y depending on the Weil 
divisors lying on Y. I then study in detail quartic 3-folds that con- 
tain a plane and give a general bound on the rank of the divisor 
fT^ . class group of quartic 3-folds. Finally, I indicate how to bound the 

^ ' rank of the divisor class group of higher genus terminal Gorenstein 

>0 , Fano 3-folds with Picard rank 1 that contain a plane. 
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1. Introduction 



Let Y4 C P^ be a quartic hypersurface with terminal singularities. 
The Grothendieck-Lefschetz theorem states that Cartier divisors on Y 
are restrictions of Cartier divisors on P^, i.e. that PicY ~ Z[(9y(l)]. 
However, no such result holds for CI Y, the group of Weil divisors of Y. 
If the quartic Y is not factorial, very little is understood about some 
aspects of its topology. 

More generally, a Fano 3-fold Y with terminal Gorenstein singulari- 
ties is a 1-parameter flat deformation of a nonsingular Fano 3-fold with 
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the same Picard rank |Nain97j : these are classified in [Isk77l IIsk78 



IMM86J . However, as in the case of terminal quartic 3- folds, the rank 
of CI Y is not known in general. 

A normal projective variety is Q-factorial if an integral multiple of 
every Weil divisor is Cartier. A terminal Gorenstein Fano 3-fold Y is 
Q-factorial if and only if it is factorial [Kaw88t Lemma 6.3], that is, if 
and only if 

H\Y,Z) c^Hi{Y,Z). 

Factoriality is a global topological property: it depends both on the 
analytic type of singularities and on their relative position. If 1^4 C P^ 
is a nodal quartic hypersurface with at most 8 singular points, then Y is 
factorial |Che06] . Whereas the presence of a small number of ordinary 
double points does not affect the factoriality of a hypersurface, this is 
not true for even slightly more complicated types of singularities. For 
instance, a quartic 14 in the linear system S spanned by the monomials 

r44/2 |3\ 3 2 2i 

1*^0' '^1'! v*^4*^3 ~r *^2/"^0' X^Xi, X^X-^j 

on F'^ is not factorial because the plane n={a;o=a;i=0} lies on Y. Yet, 
the general element Y4 E T, has a unique cAi singular point P = 
(0:0:0:0:1) |Mel04j . 

In this paper, I study the rank of the divisor class group, or equiva- 
lently the defect, of terminal Gorenstein Fano 3-folds with Picard rank 
1. The defect of a terminal Gorenstein Fano 3-fold Y is defined as the 
difference: 

a{Y) = rank GIF - rank Pic F = /14(F) - h'^{Y). 

The defect is a global topological invariant that measures how far Y 
is from being factorial, or, in other words, to what extent Poincare 
duality fails on Y. 

The notion of defect was introduced in |Cle83j in an attempt, based 
on Deligne's Mixed Hodge Theory |Del74] . to extend Griffiths' results 
|Gri69j to the Hodge theory of double covers of P^ branched in a nodal 
hypersurface. Works on the defect of hypersurfaces or of Fano 3-folds 
have focussed on studying their mixed Hodge structures |Cle83[ IDimQOj 
INSQSj Gyn01| . These results rely on computations of the cohomology 



of specific varieties: they are impractical to determine a global bound 
on the defect of terminal Gorenstein Fano 3-folds. In this paper, I use 
birational geometry to bound the defect of terminal Gorenstein Fano 
3-folds. These methods also yield more precise bounds on the defect in 
terms of the Weil divisors lying on the 3-fold. 

A nodal quartic hypersurface in P^ has at most 45 ordinary double 
points |Var83] ; the Burkhardt quartic (Example 14.31) is the unique such 
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quartic up to projective equivalence |d JSB VdV90] . One sees that the 
defect of the Burkhardt quartic is at least 15. I show that the defect of 
any quartic I4 C P^ with terminal singularities is at most 15 and that 
this bound can be refined in some cases. More precisely, I prove: 

Theorem 1.1. Let I4 C P^ 6e a quartic hypersurface with terminal 
singularities. The rank of C\Y satisfies: 

(i) rank CI F < 9 when Y contains neither a plane nor a quadric, 
(ii) rank CI F < 10 when Y does not contain a plane, 
(iii) rank CI y < 16, with equality precisely when Y is projectively 
equivalent to the Burkhardt quartic. 

Outline. I now shetch the proof of Theorem 11.11 and present the or- 
ganisation of the paper. 

In Section [21 I define the category of weak-star Fano 3 folds. A 
small factorialization of a terminal Gorenstein Fano 3-fold Y is weak- 
star Fano unless Y contains a plane embedded by |yly||p2 = Op2(l). 
Weak-star Fano 3-folds are inductively Gorenstein: ii ip: X ^ X' is 
an extremal birational contraction, then X' has terminal Gorenstein 
singularities. This is a major simplification: one may then use the ex- 
plicit geometric description of extremal contractions of Mori-Cutkosky 
|Cut88j . 

In Section [3l I show that more is true: the MMP may be run in the 
category of weak-star Fano 3-folds. Since weak-star Fano 3-folds are 
small modifications of terminal Gorenstein Fano 3-folds, some of their 
numerical invariants-such as their anticanonical degree-can be read 
off the classification of nonsingular Fano 3-folds |Isk77l IIsk78l IMM82J . 
Following the description of |Cut88j , it is possible to associate to each 
extremal contraction some numerical constraints: this reduces many 
questions on the MMP of weak-star Fano 3-folds to a careful analysis 
of the classification pkTTl [IiFf8l[MM82] . 

Let y be a terminal Gorenstein Fano 3-fold and X a small factori- 
alization; note that rank GIF = rank Pic X = p{X). The main case is 
when X is a weak-star Fano 3-fold of Fano index 1. The rank of ClY 
is bounded by running the MMP on X and by studying the numerical 
constraints associated to divisorial contractions, especially those with 
centre along a curve. Roughly, the cases of high defect for Y correspond 
to the MMP on X consisting of the contraction of several low degree 
surfaces and ending with a high anticanonical degree Fano 3-fold, such 
as P^ (see Sections 13.11 and 13.21 for precise statements). The case of 
Fano index > 2 is treated briefly in Section 13.31 Since —K = 2H for 
H Cartier, a birational extremal contraction can only be a flop or the 
inverse of the blowup of a smooth point. 
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Section H] is independent of the rest of the paper and treats the case 
of terminal Gorenstein Fano 3-folds whose small factorialization is not 
weak-star. I study in detail quartic 3-folds that contain a plane and 
bound their defect by explicit calculation. I also indicate how to bound 
the defect of terminal Gorenstein Fano 3-folds with Picard rank 1 and 
genus g > 3. 

A "geometric motivation" of non-factoriality. The framework of 
weak-star Fano 3-folds allows one to state a more precise description of 
the divisor class group of non- factorial Fano 3-folds [Kal] . If F is not 
factorial, there is a small modification X oi Y with a second extremal 
ray R; in most cases, R is of divisorial type. Now, X can be deformed 
to a nonsingular small modification of a Fano 3-fold X^ with p(X^) = 2, 
on which the extremal ray R is still present. It is then possible to run a 
two-ray game on X^, and this two-ray game deforms back to a two-ray 
game on X. This shows that Y contains a surface of one of a finite 
number of special types (see |Kalj ). This analysis can be carried out at 
each divisorial step of the MMP on a small factorialization of Y, and 
can be used to exhibit generators for the Cox ring of Y. 



Notations and conventions. All varieties considered in this paper 
are normal, projective and defined over C. Let F be a terminal Goren- 
stein Fano 3-fold, Ay = —Ky denotes the anticanonical divisor of Y . 
The Fano index oiY is the maximal integer such that Ay = i{Y)H with 
H Cartier. As I only consider Fano 3-folds with terminal Gorenstein 
singularities in this paper, the term index always stands for Fano index. 
The degree of Y is H^ and the genus of Y is g{Y) = h^{X, Ay) — 2.1 
denote by 1^2g-2 for 2 < (7 < 10 or (7 = 12 (resp. Vd for 1 < d < 5) ter- 
minal Gorenstein Fano 3-folds of Picard rank 1, index 1 (resp. 2) and 
genus g (resp. degree d). Finally, F^ = P(Opi © Opi(— m)) denotes the 
mth Hirzebruch surface. 
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2. The category of weak-star Fano 3-folds 

In this section, I recall some results on terminal Gorenstein Fano 
3-folds and on the MMP for 3-folds. I also introduce the category of 
weak-star Fano 3-folds. Most terminal Gorenstein Fano 3-folds have a 
weak-star Fano small factorialization. These are inductively Gorenstein 
and hence well behaved under the birational operations of the MMP. 

2.1. Definitions and first results. 

Definition 2.1. 

1. A 3-fold Y with terminal Gorenstein singularities is Fano if its 
anticanonical divisor Ay is ample. 

2. A 3- fold X with terminal Gorenstein singularities is weak Fano 
if Ax is nef and big. 

3. The morphism h: X ^ Y defined by |nAx| for ri ^^ is the 
(pluri-) anticanonical map oi X, R = R{X, A) is the anticanon- 
ical ring of X and Y = Proj R is the anticanonical model of 
X. 

4. A weak Fano 3-fold X is a weak-star Fano if, in addition: 

(i) Ax is ample outside of a finite set of curves, i.e. h: X ^ Y 

is a small modification, 
(ii) X is factorial, and in particular X is Gorenstein, 
(iii) X is inductively Gorenstein, that is (Ax)^ ■ S" > 1 for every 

irreducible divisor 5* on X, 
(iv) \Ax\ is basepoint free, so that ip\A\ is generically finite. 

Remark 2.2. 

1. Item (iii) in the definition of weak-star Fano 3-folds guarantees 
that ii ip: X — > X' is a birational extremal contraction, then X' 
is factorial and terminal. Indeed, by Lemma 12.51 and by Mori- 
Cutkosky's classification (see Theorem 12.61) . X' is factorial and 
terminal unless if contracts a plane £■ ~ P^ with normal bundle 
(9p2(— 2) to a point of Gorenstein index 2. In this case, by 
adjunction, the restriction of Ax to E would be Ax\e = C'p2(l) 
and {AxY ■ E < 1: this is impossible when X is weak-star. 

2. Item (iv) of the definition is a convenience, that I have included 
to avoid digressing throughout the paper to exclude the special 
cases listed in Proposition [231 In addition, note that when 1^4x1 
is basepoint free, either R{X, Ax) is generated in degree 1 and 
Ay is very ample or (f\j^\ is 2-to-l to P^ or to a quadric Q C P^. 

Lemma 2.3. Let h: X -^ Y be a small factorialization of a terminal 
Gorenstein Fano 3-fold Y such that \Ay\ is basepoint free. 
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1. If Ay is very ample, X is not weak-star Fano if and only ifY 
contains a plane P^ with Ay\^2 = (9p2(l). 

2. If Ay is not very ample, X is not weak-star Fano if and only if 
Y=Yq C P(1'^, 3) and Y contains a plane {y=l{xo, ■ ■ ■ , X3)=0}, 
where Xi are the coordinates of weight 1, y is the coordinate of 
weight 3 on P(l^,3) and I is a linear form. 

Proof. Assume that Ay is very ample. If Y contains a plane 11 of the 
given form, the proper transform S = h~^Il of IT satisfies A'j^ -3=1 
and X is not weak-star Fano. Conversely, if X contains an irreducible 
divisor 5* with (^x)^ ■ "S* = 1, the image of S* is a surface in P^"*"^, 
and as Ay = Oy{l), and its degree in P^+i is 1. Similarly, if Ay is 
not very ample, X fails to be weak-star Fano precisely when F is a 
sextic double solid and contains a plane of the stated form. When 
Y = r(2,4) C P(1^4) is a double cover of a quadric Q C P^ X 
is weak-star unless Y contains a plane of the form Il={y=xo=xi=0} , 
where x, denote the coordinates of weight 1 and y is the coordinate of 
weight 4. However, in this case, Y has nonisolated singularities. D 

Proposition 2.4. Let X be a weak Fano 3-fold. The anticanonical 
linear system \Ax\ is has epoint free except in the following cases: 

1. Bs|y4x| ^ P"*^ zs a curve lying on the nonsingular locus of X . 
The general member S G \Ax\ is a nonsingular K?) surface and 
Bs I Ax I is a —2-curve on S , X is called monogonal and is one 

of- 
(i) X = P-*^ X S", where S is a weighted hypersurface of degree 

6 m P(l2, 2, 3); X has Picard rank 10, 
(a) X = Blr V, the blowup of a weighted hypersurface V of 

degree 6 in P(l'^,2,3) along the plane Il={xo=Xi=0} ; X 

has Picard rank 2. 

2. Bs I Ax I = {p} is an ordinary double point and Y is birational 
to a special complete intersection X2fi C P(l^, 2, 3) with a node; 
Y is the degeneration of a double sextic. 

Proof. This result is well known and classical; I just sketch its proof 
(see |Kal07j for a complete proof). Let X be a weak Fano 3- fold; Reid 
|Rei83j shows that the general section S of \Ax\ is a K3 surface with no 
worse than rational double points. An easy extension of Saint-Donat's 
results |SD74j on nef and big linear systems on nonsingular K3 surfaces 
applied to |Ax||5 finishes the proof. D 

Lemma 2.5 (Cone theorem for weak Fano 3-folds). Let X be a weak 
Fano 3-fold. The Kleiman-Mori cone NE(X) = NE(X) of X is a finite 
rational polyhedral cone. If R C NE(X) is an extremal ray, then either 
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Ax ■ R > 0, or Ax ■ R = and there is an irreducible divisor D such 
that D ■ R < 0. There is a contraction morphism ifji associated to each 
extremal ray R. If (p^ is small, it is a flopping contraction. 

Proof. The 3-fold X is terminal, hence by the standard cone theorem 
|KMM87[ Theorem 4-2-1]: 

NE(X) = NE(X)a^<o + 5^Q 

where the extremal rays Cj are discrete in the half space {Ax > 0} 
and can be contracted. Since Ax is nef, for any z G A^^(X), Ax ■ -z < 
if and only if Ax --2 = 0. The anticanonical divisor Ax is big: for some 
integer m > 0, m{Ax) ~ A + D, where A is an ample divisor and D is 
effective. By the Nakai-Moishezon criterion for ampleness, if Ax ■ 2; = 
then D ■ z <Q. In particular, for < e <^ 1, 



NE(X)c-Ax<oU(-Ax + eZ}; 



<o- 



By the usual compactness argument, NE(X) is a finitely generated 
rational polyhedral cone. Extremal rays can be contracted by the con- 
traction theorem |KMM87"1 Theorem 3-2-1]. Finally, if (J)r is small, 
R flips or flops. A flipping curve 7 on a terminal 3-fold X satisfies 
Ax ■ 7 < 1 |Ben85j . The anticanonical divisor is Cartier and nef: 0/j is 
a flopping contraction. D 

For clarity of exposition, I recall the classification of extremal divi- 
sorial contractions established by Cutkosky following Mori. 

Theorem 2.6. (CutSSt Theorems 4 and 5] Let X he a 3-fold with ter- 
minal factorial singularities and f : X ^ X' the birational contraction 
of an extremal ray. Assume that f is not an isomorphism in codimen- 
sion 1 . Then X' is Q-factorial and: 

El If f : X -^ X' contracts a surface E to a curve T, X' is facto- 
rial, non-singular nearV and f is the blowup of I^. The curve 
r is l.c.i. , has locally planar singularities and X has only cA^ 
singularities on E. 

If f : X -^ X' contracts a surface E to a point p, f is one of the 
following: 

E2 {E,Oe{E)) ~ (P^,Op2(— 1)), / is the blowup at a non-singular 
point p. 

E3 {E,Oe{E)) ^ (P^ X P\0(-1,-1)), / is the blowup at an or- 
dinary double point p. 

EA {E,Oe{E)) ~ {Q,Oq{—1)), where n > 3 and Q is a quadric 
cone in P^, / is the blowup at a cAn-i singular point p. 
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E5 {E, Oe{E)) ~ (P^, Op2(— 2))/ is the blowup of anon Gorenstein 
point of index 2. 

Theorem 2.7. [NamQTj Let X be a small modification of a terminal 
Gorenstein Fano 3-fold. There is a 1 -parameter flat deformation of X 

X ^X 



{0} -A 

such that the generic fibre A"^ is a nonsingular small modification of a 
terminal Gorenstein Fano 3-fold. The Picard ranks, the anticanonical 
degrees and the indices of X and A"^ are equal. 

3. MMP FOR WEAK-STAR FANO 3-FOLDS 

Let y be a terminal Gorenstein Fano 3-fold, and let h: X —* Y he a, 
small factorialization. In Section [2l I showed that unless Y contains a 
plane, X is weak-star. In this section, I show that the category of weak- 
star Fano 3-folds is preserved by the birational operations of the MMP, 
so that the explicit geometric description of extremal contractions of 
Mori-Cutkosky applies. Each type of extremal contraction imposes 
numerical constraints on the intersection numbers of relevant cycles in 
cohomology. Given that numerical invariants of terminal Gorenstein 
Fano 3-folds such as their degree or genus are the same as those of 
non-singular Fano 3-folds, this observation will yield a bound on the 
rank of the divisor class group of terminal Gorenstein Fano 3-folds that 
do not contain a plane. 

3.1. Minimal Model Program. 

Lemma 3.1. Let X be a small modification of a terminal Gorenstein 
Fano 3-fold Y . Assume that \Ax\ is basepoint free. Denote by ip: X — >■ 
X' an extremal divisorial contraction with centre a curve T and assume 
that Exc ip = E is a Gartier divisor. 

Then T G X' is locally a complete intersection and has planar sin- 
gularities. The contraction ip is locally the blowup of the ideal sheaf X-p. 
In addition, the following relations hold : 

(1) (Axf = (Ax'f - 2{Ax') ■ r - 2 + 2p,{T) 

(2) {Axf-E = Ax'-r + 2-2p,{r) 

(3) Ax-E^ = ~2 + 2paiT) 

(4) E' = -{Ax')-T + 2-2pa{T) 
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Proof. I only sketch the proof of this Lemma because it is similar to 
[Cut 88] ■ As the singularities of X are isolated, (p is the blow up of 
a nonsingular curve F away from finitely points of X', whose fibers 
contain SingX. Consider a point P G F. Let 5* e \Ax\ be a general 
section. By Bertini, S is nonsingular and intersects the fiber ip~^{P) in 
a finite set. Since \Ax\ = \tf*Ax' — E\, S' = ip{S) is an anticanonical 
section of X' that contains F. The restriction (f\s'- S ^ S' is a finite 
birational map that is an isomorphism outside of (f~^{P) and in par- 
ticular, S" has isolated singularities. Note that S' is Cartier, and since 
X' is Cohen Macaulay, S' is normal. By Zariski's main theorem, (p\s is 
an isomorphism. This shows that F has planar singularities and that 
X is the blow up of Xp. The relations then follow from adjunction on 
X' and from standard manipulation of the equality: 

Ax = ^*Ax' - E. 

a 

Theorem 3.2. The category of weak-star Fano 3-folds is preserved by 
the birational operations of the MMP. 

Proof. The category of weak-star Fano 3-folds is clearly stable under 
flops. Let X be a weak-star Fano 3-fold and ip: X ^ X' a divisorial 
contraction. By Theorem 12. 6[ X' is Q-factorial and terminal, and as is 
explained in Remark 12. 2[ X' is also Gorenstein. 

Step 1. The anticanonical divisor Ax' is big because \Ax\ C |v9*(ylx')|- 
I prove that it is also nef. The anticanonical divisors of X and X' sat- 
isfy: 

(5) Ax = ip*{Ax')-aE, 

where a = 2 ii ip contracts a plane to a nonsingular point and a = 1 
otherwise. If ip contracts a divisor to a point, Ax' is nef. Assume 
that ip contracts a divisor ii^ to a curve F. Let Z' be an irreducible 
reduced curve lying on X' . If Z' and F intersect in a 0-dimensional set, 
Ax' ■ Z' > 0. Thus, Ax' can fail to be nef only ii Z' = T and Ax' ■ F is 
negative. By relation (2) in Lemma 13. Ij this is impossible when X is 
weak-star Fano because Ax' ■ F -|- 2 > A'j^ ■ E > 2. 

Step 2. Note that A'j^ is ample outside of a finite set of curves. 
Indeed, by (|5]), if Ax' ■ C = for an effective curve C, then either the 
proper transform C of C does not meet the exceptional locus and is 
such that Ax ■ C = or C" = F is the centre of y?. As there are finitely 
many such curves, X' is a small modification of a terminal Gorenstein 
Fano 3-fold Y'. By Theorem 12. 7[ the anticanonical degree and Picard 
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rank of Y' are the same as those that appear in the classifications of 
prf7llIsk78llMM82j . 

As Ax is basepoint free, ([5]) shows in addition that Bs \Ax'\ is con- 
tained in the centre of the contraction (f. If \Ax'\ is not basepoint free, 
X' is one of the 3-folds hsted in Proposition 12.41 I use the following 
observations: A^, > Ax (see the proof of Lemma [273]) and ii p{Y') > 1, 
then p(Y) > 1 (see the proof of Lemma [3l3|) . If Bs \Ax'\ = {p}, then 
A^x' = 2, [IskTTl HskTSl IMM8 2] show that there is no X with A| < 2. 
Similarly, it is impossible to find a weak-star X with p{Y) > 1 and A^ 
sufficiently small for X' to have Bs 1^4^ | ~ P^. The linear system \Ax'\ 
is basepoint free. 

Note in addition, that if Ay is very ample, so is Ay- Indeed, 
R{X' , Ax') is generated in degree 1 if and only if $|Ajf,| is birational 
onto its image. Since ^\Ax\ = ^ ° "^l-^x'l ^here v is the projection from 
a possibly empty linear subspace. Ay is very ample. 

Step 3. Let 5" be an irreducible divisor on X' and denote by S its 
proper transform on X. By (E]), 



\Ax\\s= \^*{Ax')-aE\ 



s 



for some a G N. It is naturally a subsystem of |y4x'|5', and the inclusion 
is strict if 5" meets the centre of y?. In particular, 

(6) {Axf ■ S < {Ax'f ■ S' 

and X' does not contain an irreducible divisor S' with {Ax'Y ■ 5" < 1 
because X is a weak-star Fano 3-fold. D 

The MMP can be run in the category of weak-star Fano 3-folds. 
Moreover, there are strong restrictions on the anticanonical models of 
the intermediate steps. 

Lemma 3.3. Let X := Xq he a weak-star Fano 3-fold whose anti- 
canonical model Yq has Picard rank 1. There is a sequence of extremal 
contractions: 

Aq *-A.i ^■■- A„_i ^ A„ 



^0 Yi ■ ■ ■ Yn^i Yn 

where for each i, Xi is a weak-star Fano 3-fold, Yi is its anticanonical 
model, and cpi is a birational extremal contraction. The Picard rank of 
Yi, p{Yi), is equal to 1 for all i. The final 3-fold X„ is either a Fano 
3-fold with p{Xn) = 1 or an extremal Mori fibre space. 
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Proof, li p{Xi) > 1, there is an extremal ray Ri that can be contracted. 
Denote by ipi: Xi -^ -^j+i the contraction of R^. If ipi is not birational, 
Xi = Xn is an extremal Mori fibre space and there is nothing to prove. 

Assume that ipi is birational, Theorem 13. 2l shows that Xj+i is a weak- 
star Fano 3-fold. Let hi: X^ ^ Yi denote its anticanonical map. 

I prove that if the Picard rank of Yi is equal to 1 , then the Picard rank 
of y^+i is also 1. The statement is trivial when ifi is a small contraction; 
assume that (pi is divisorial and denote by E its exceptional divisor. 

The image hi{E) = E G Yi oi E hy the anticanonical map is a 
Weil non-Cartier divisor. If hi was an isomorphism near E, the Cartier 
divisor E would be covered by ii'y^- negative curves and would be con- 
tractible in Yi. This is impossible when p(l^) = 1. 

Denote by fi'. Zi = Proj 0„>p/ii^Cx,(^-E) ^ Yi a small partial 
factorialization of Y^; Zi is the symbolic blowup of Yi along the Weil 
non-Cartier divisor E. Let E' be the Cartier divisor {hi)~^E on Zi and 
write hi = fiogi. Note that Zi has Picard rank 2 and that gi contracts 
only curves of Xi/Yi that are disjoint from E. 

By the projection formula, E' is covered by i^^. -negative curves: 
there is an extremal contraction ipi: Zi ^ Zj+i whose exceptional di- 
visor is E'. Consider the projective and surjective morphism 

ipiO gi'. Xi^ Zi+l, 

and run a relative MMP on Xi over Zj+i. The Contraction Theorem 
[KMM87] shows that (fi factorizes ipi o gi and makes the diagram 

E G Xi ^ Xi+i 



gi 



gi+i 



E'cZi^^^ Z,+i 



Yi 



commutative. The morphism gfj+i is crepant and Xj+i and Zj+i have 
the same anticanonical model. The Picard rank of Zj+i is equal to 1 

and Azi+i is nef and big: Fj+i = Zi^i. D 

Lemma 3.4. Let X be a weak-star Fano 3-fold and Y its anticanonical 
model. If ip: X —>■ F^ is an extremal del Pezzo fibration of degree k, 
then k > 2. If in addition, R{X,Ax) is generated in degree 1, then 
k>3. 

Proof. A general fibre F oiipis a nonsingular del Pezzo surface of degree 
k. As Ax\F = Ap, the linear system |Ax||f is naturally a subsystem 
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of \Af\. Since |Ax||f is basepoint free, the degree k cannot be equal 
to 1. If R{X,Ax) is generated in degree 1, the morphism ^jAxH-F is 
birational onto its image and k ^ 2. D 

If ipn : Xn — > S* is a conic bundle, |Cut88j shows that 5* is nonsingular. 

Definition 3.5. A conic bundle (p: X -^ S is a. weak Fano conic bun- 
dle (resp. weak-star) if X is a weak (resp. weak-star) Fano 3-fold and 
p{X/S) = 1. 

I recall the following standard result. 

Lemma 3.6. |Pro05j If ip: X ^ S is a weak Fano conic bundle, As 
is nef and big. 

Proof. Recall that the discriminant curve A of a conic bundle satisfies 

4As = p^Mxf + A, 

where ip^^lAx)"^ is nef and big, and therefore As is big. Assume that 
As is not nef and let C C S* be an irreducible curve such that As ■ C < 
0. The curve C is necessarily contained in A, as ip^lAx)"^ is nef and 
C^ < C ■ A < 0. By adjunction: 

-2 < 2j9„(C) -2<{As + C)-C 

<{As + A)-C<{3As-p^MxY)-C 

< 3As ■ C. 

This is impossible because As ■ C is an integer. D 

Lemma 3.7. Let p: X -^ S be a weak-star Fano conic bundle. Then 
there is a weak-star Fano conic bundle (f' : X' ^ S' , with S' = P^, Fq, Fi 
or ¥2, such that the diagram 

x--^x' 

w 

S -5' 

is commutative. 

Proof. If S contains a — 1-curve, denote its contraction by 5 ^ S' . 
We may run a relative MMP of X over S' and this shows that there 
is an extremal contraction X -^ X' fitting in a diagram as above. In 
addition, X' — > S' has a structure of weak-star conic bundle. There is 
a sequence of contractions of — 1-curves S ^ Si ^ ■ ■ ■ ^ Sn where Sn 
is either P^ or a P^-bundle over a curve F. The surface Sn is clearly 
rational, so that if it is P^-bundle over a curve F, F is isomorphic to P^. 
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In that case, Sn is a Hirzebruch surface F^ = P(Cpi © Cpi(a)). Since 
As J, is nef, Sn is either Fq = P^ x P^, Fi or Fg. D 

Theorem 3.8 (End product of the MMP). Let X = Xq be a weak-star 
Fano 3-fold whose anticanonical divisor Y has Picard rank 1. The end 
product of the MMP on X is one of: 

1. Xn is a factorial terminal Fano 3-fold with p{Xn) = 1. 

2. Xn — > P^ is an extremal del Pezzo fibration of degree k, with 
2<k and p(X„) = 2. 

3. Xn ^ S is a conic bundle over S = P^,P"^ x P-'^,Fi or ¥2 and 
p{Xn) =2 or 3. 

3.2. A bound on the defect of some terminal Gorenstein Fano 
3-folds. 

Notation 3.9. I say that a surface 5" C ^29-2 is a plane (resp. a 
quadric) if its image by the anticanonical map is a plane (resp. a 
quadric) in ps'+^, that is when {AyY -3=1 (resp. 2). 

Lemma 3.10. Let X be a weak-star Fano 3-fold whose anticanonical 
model Y does not contain an irreducible quadric surface. Then, ev- 
ery divisorial extremal contraction ^ increases the anticanonical degree 
{-Kf = A^ by at least 4. 

Proof. Let if : X ^ X' he a divisorial contraction. I use the notation 
of Mori-Cutkosky (see Theorem 12.61) for the types of divisorial contrac- 
tions. The contraction ip is of type El or E2. Indeed, ip is not of type 
E5 because X is weak-star Fano and it is not of type E3 or E4, because 
Y does not contain an irreducible quadric surface. 

If ip is of type E2, Ax = (p*{Ax') — 2E and the degree increases by 
precisely 8. 

If (p is of type El, I claim that A^, > A^ + 4. Let E be the 
exceptional divisor of ip and F its centre on X'. As Y does not contain 
an irreducible quadric surface, (Ax)^ ■ E > 3, and the result follows 
from Equations (1,2) in Lemma [3. 1[ 

D 

Corollary 3.11. Let X be a weak-star Fano 3-fold and (p: X -^ X' a 
birational extremal contraction. Denote by Y and Y' the anticanonical 
models of X and X' . If Y' contains an irreducible quadric surface 
Q' , then Q' is disjoint from the centre of (p and Y also contains an 
irreducible quadric surface Q. 

Proof. This is a straightforward consequence of Step 4. of the proof of 
Theorem O □ 
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Corollary 3.12. Let Y be a terminal Gorenstein Fano 3-fold of index 
1, Picard rank 1 and of genus g. IfY does not contain a quadric or a 
plane, the defect ofY is bounded by [^^^] + hi- 
proof. Let h: X ^ Y he a factorialization of y; X is a weak-star Fano 
3-fold. I prove that the Picard rank of X is at most at most [— ^] + 5. 
Run a MMP on X. I follow the notation of Lemma [3.3[ The Picard 
rank of X equals the number of divisorial contractions that occur dur- 
ing the MMP plus the Picard rank of the final 3-fold X„. Lemma [3.31 
shows that at each intermediate step, Yi has Picard rank 1, and there- 
fore A\^ = J^^ is equal to 1g-1 with 2 < ^f < 10 or ^f = 12 \ii{X^ = 1, 
Sdwithl <d< 5iii{Xi) = 2, 54ifz(Xi) = 3 and 64 if i(Xi) = 4. Note 
also that if Xi —^ Xj+i is a divisorial contraction, the index of Xi is at 
most 2 and if i{Xi) = 2, i{Xi^i) is divisible by 2. By lemma [3.101 the 
number of divisorial contractions is bounded by [^-^] + 3 if Ay^ < 40 
and by [— j^] + 4 otherwise. The Picard rank of X„ is at most 3 and 
if z(Fj = 4 (resp. if i{Yn) > 2), p(X„) = 1 (resp. p(F„) < 2) [Slii89j . 
The bound on the defect follows. D 

Corollary 3.13. Let Y be a terminal Gorenstein Fano 3-fold of index 
1, Picard rank 1 and of genus g. IfY contains a quadric but does not 
contain a plane, the defect ofY is bounded by [^^^-j-^] +4: + n, where 
n = mm{[S±^\,lO-g}. 

Proof. Let h: X — > F be a factorialization of F; X is a weak-star Fano 
3-fold. I prove that the Picard rank of X is at most [ — ~f~^] + 5 + n, 
where n = min{ [^^J ? 10 — g}- 

Run a MMP on X. If Q C F is an irreducible reduced quadric lying 
on Y, the index oi Y is 1. Denote by Q its proper transform on X. 
The quadric Q is negative on a i^-negative extremal ray R, the class of 
the proper transform of a ruling of Q, and R may be contracted. Let 
(f: X ^ X' he the contraction of R. If Q is contracted to a point, the 
anticanonical degree increases by 2. If Q is contracted to a curve P, 
by Lemma [3H Ax' ■ T = 2pa{T) and A% = A%, - 2{pa{T) + 1). The 
contraction (f increases the anticanonical degree by at least 2. 

By Lemma [3. 101 if Yi contains a quadric Qi, Qi does not intersect the 
centre of any previous extremal contraction. Denote by Qi the proper 
transform of Qi on X, h{Qi) is a quadric. We may therefore assume 
that quadrics are contracted first. While quadrics are contracted, the 
index of Xj is 1, and as in the proof of Corollary 13. 12[ the anticanonical 
degrees A^, can only be of the form 2g — 2, with 2 < (7 < 10 or (7 = 12. 
There are hence at most 10 — g divisorial contractions that decrease 
the anticanonical degree by 2. Furthermore, the quadrics h{Qi) C F C 
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P^+-'^ are disjoint, so that at most [^y'I quadrics may be contracted. 
If Xi — * Xj+i is the contraction of a quadric, i{Xi) = ^(Xj+i) = 1 and 
Af.^^ = 2g -2 with 2<5f<10or5f = 12. The resuh then follows 
from Corollary 13. 12[ D 

3.3. Higher index Fano 3-folds. Shin classifies canonical Gorenstein 
Fano 3-folds of index greater than l |Shi89j . If Y has terminal Goren- 
stein singularities and index 2, 3 or 4, it has Picard rank 1 and if X — > F 
is a small factorialization, X is a weak-star Fano 3-fold. 

Lemma 3.14. Let X be an index 2 weak-star Fano 3-fold and let 
ip: X ^ X' be the contraction of an extremal ray. Then, one of the 
following holds: 

1. ip is birational, and (p is either a flop or an E2 contraction. 

2. ip: X —>■ S is an etale ¥^ -bundle. 

3. ip: X -^ F^ is a del Pezzo fibration of degree 8, and ip is a 
quadric bundle. 

Remark 3.15. Similarly, if X has index 3 and p{X) > 2, then p{X) = 
2. Any contraction of an extremal ray is either a flop or a del Pezzo 
fibration of degree 9, that is, X is a P^-bundle over P^. 

Corollary 3.16. Let Y be a terminal Gorenstein Fano 3-fold of index 
2 and X a small factorialization ofY. Denote by h"^ = -^ the degree 
of X and Y. The Picard rank of X is at most 8 — h^. The 3-fold X 
contains at most 7 — h^ disjoint planes. 

Proof. Each divisorial contraction increases the degree by 1: this proves 
the first assertion. 

Let ii^ = P^ be a plane contained in X, then Ax|p2 = Op2[2). The 
contraction theorem shows that there is an extremal contraction that 
contracts ii^ to a point. 

For a suitable choice of X, all birational contractions appearing in 
the MMP are divisorial. Indeed, a flopping contraction and a divisorial 
contraction of type E2 always commute |CJR08j . therefore we may 
assume that flops are performed first. The proper transforms on X 
of the divisors contracted when running the MMP on X are disjoint 
planes. There is no other plane disjoint from these lying on X, as this 
would give rise to another extremal contraction. D 

4. Index 1 Fano 3-folds that contain a plane 

This section is independent of the rest of the paper. I consider termi- 
nal Gorenstein Fano 3-folds whose small factorializations are not weak- 
star Fanos: the rank of their divisor class group cannot be bounded with 



16 ANNE-SOPHIE KALOGHIROS 

the techniques developed in the preceding sections. I first bound the 
rank of the divisor class group of quartic hypersurfaces by explicit cal- 
culation and then indicate how to treat other Fano 3-folds with Picard 
rank 1. 

4.1. Y4 C P^, genus 3. Let F = Y^ C P^ be a quartic 3-fold with 
terminal singularities that contains a plane n={xo=a;i=0}. As Y is 
a hypersurface in P^, it is Gorenstein and has Picard rank 1. The 
equation of Y is of the form: 

(7) r={xoa3(xo, ■ ■ ■ ,X4) + xib^ixo, ■■■ ,x^) = 0}. 

Let X be the blowup of Y along the plane H. Locally, the equation 
of X can be written: 

(8) {toas^tox, hx, X2, X3, X4) + hbsitox, hx, X2, X3, X4) = 0} 

CP(to,tl) X F{X,X2,X3,X4), 

where the variable x is defined by xq = tox, xi = tix. 

The 3-fold X has a natural structure of cubic del Pezzo fibration over 
P^. The generic fibre X^ is reduced and irreducible. However, special 
fibres might be reducible. The cubic fibration X is a small partial 
factorialization of F, in particular the ranks of CIX and of Ciy are 
equal. 

Lemma 4.1. Denote by N the number of reducible fibres with 3 ir- 
reducible components and by M the number of reducible fibres with 2 
irreducible components. The rank of C\X is bounded by 8 + 2N + M. 

Proof. Let O be the local ring of P^ at a point P corresponding to a 
reducible fibre of X. Let K be its fraction field, t its parameter and k = 
C its residue field. Let 5* = Spec(O), rj = Specif the generic point and 
let = Spec k be the origin. Let P = Fq be an n-dimensional projective 
space over 5* and L = L^ a. d-dimensional projective subspace, defined 
over k. li d < n — 1, there is a birational transformation of P centred 
at L: 

(xq: . . . -.Xn) I ^ (txo: . . . -.iXd-Xd+i. ■ ■ ■ :x„) ; 

(pL is the projection from L. 

Corti shows [Cor961 Flowchart 2.13, Lemma 2.17 and Corollary 2.20] 
that, if Xq C Fq is a weak Fano cubic fibration with small anti- 
canonical map, projecting away from planes contained in the central 
fibre yields a standard integral model X'^ for X^, i.e. a fiat subscheme 
X^ C P|) with isolated cDV singularities and reduced and irreducible 
central fibre. Each projection from a plane contained in the central 
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fibre only affects the cubic fibration in the central fibre and it strictly 
decreases the number of /c-irreducible components of the central fibre. 
If a fibre of X — ^ P^ is reducible, it has at most 3 irreducible compo- 
nents (one of which at least is a projective plane). Project away from 
planes in reducible fibres of X in order to obtain a standard integral 
model. The lemma then follows from the sequence: 

-^ Z[7r*Cpi(l)] -^ Weil(X') -^ Pic(X;,) -^ 0, 

which is exact when tt : X' ^ P^ has reduced and irreducible fibres: D 

Bounding the rank of C\Y is therefore equivalent to bounding the 
number of reducible fibres of X. 

Theorem 4.2. Let Y=Yl C P^ 6e a terminal quartic 3-fold that con- 
tains a plane U and let X be the cubic del Pezzo fibration obtained by 
blowing up Y along U. The cubic fibration X has at most 4 reducible 
fibres : the rank of C\Y is at most 16. 

Proof. Let 

H(X:^) = {Axo + fix^=0} C P^ (A:^) G P^ 

be the pencil of hyperplanes of P"^ that contain 11. 

The hyperplane section of F C P"^ corresponding to H(\.^) is a 
reducible quartic surface that contains the plane 11; more precisely 

Y n Hi^x-.fj.) = n U Yf^ . , where Yf^ •. is a possibly reducible cubic sur- 
face, naturally isomorphic to the fibre X(A:^). 

If X has a reducible fibre over (A:/i) e P^, X contains a plane either 
of the form: 

n(A:M) = {Ato + /itl = /(X2, X3, X4) + l'{toX, tix) = 0}, 

where / and /' are linear, or of the form: 

n(A:/.) = {Ato + flti= x = 0}. 
The plane ^(x-.^) C X(A:^) is corresponds to a plane H^ ^ lying on 

Y n H(X:^)- In the first case, ^[x-u) ^^ '^^ ^^^ form: 

n(A;^) = {Axo + fixi = l{x2, X3, 0:4) + l'{xo, Xl) = 0} 

and meets 11 in a line -^(A:^) = {xq = Xi = l{x2,X3,X4) = 0}, while in 
the second case H,^ x = 11 and H(^x:fi) is tangent to Y along 11. 
Step 1. I first show that no hyperplane is tangent to Y along 11. 

If this is the case, then without loss of generality, we may assume 
that the hyperplane -ff(i:o) is tangent to Y along 11. The equation of Y 
then reads 

{xoas + xiXoa2 + x\h2 = 0} 
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where 03 is a homogeneous form of degree 3 and 02 and 62 are homo- 
geneous forms of degree 2. The quartic Y is singular along the curve 
r={a3=Xo=a;i=0}: this contradicts Y having terminal singularities. 
Step 2. I show that if 11'^ and 112 ^^^ ^^o planes distinct from 11 that lie 
on distinct hyperplane sections of Y, then they intersect 11 in distinct 
lines. 

Let Li = n n n'^ and L2 = 11 fl 112. If -^1 = -^2, up to coordinate 
change on ¥^, I may assume that II[={xq=X2=0} and n2={xi=X2=0}. 
The plane 11'^ (resp. 112) lies on Y if and only if, in (jTj), the homogeneous 
form 63 is in the ideal {xo,X2) of n'^^ (resp. the homogeneous form 03 
is in the ideal (xi,X2) of 112). The quartic Y then has multiplicity 2 
along the line L={xo=Xi=X2=0} . This is a contradiction: 11'^ and 112 
meet at a point. 

Step 3. I now show that if U'l , Ilg and Ilg are 3 planes that lie on 
distinct hyperplane sections of Y and are distinct from 11, the lines 
Li = n n n']^, L2 = n n 112 ^^*i L3 = n n Ilg are not concurrent. 

Assume that the planes n']^,n2 and Ilg meet at a point P. Up to 
coordinate change on P^, we may assume that: 

n; = {xo=X2=0} 

n'a = {xi=X3=0} 

n's = {Xo + Xi=X2+ X3 + l{Xo,Xi)=0}, 

where / is a linear form. The equation of Y is in the ideal spanned by 
the monomials: 

/ = {{xo + xi)a;oa;i,a;oXi(x2 + a;3 + l{xo,xi)), {xq + xi)xiX2, {xq + xi)xoXs, 

XiX2(x2 +Xs + l{Xo, Xi)), XoX3(x2 + X^i + /(xq, Xi)), (xq + Xi)x2X3, 

a;2a;3(a;2 + 3^3 + ^(a^ca^i))), 

hence P = (0:0:0:0:1) = Li n L2 H L3 G F is not a cDV point. If X 
contains at least three distinct reducible fibres, then up to coordinate 
change on P^, we may assume that 

n'l = {Xo=X2=0} C i:f(o:i) 

112 = {xi=X3=0} C H^i.,0) 

113 = {^0 + Xi=X4=0} C i/(l:l). 

lie on Y. 

Step 4- Finally, I prove that X has at most 4 reducible fibres. 

Assume that X has at least 5 reducible fibres and let 11'^ , ■ ■ ■ , Ilg C P^ 
be planes that are distinct from 11 and that lie on distinct hyperplane 
sections of Y. Denote by Lj the line 11 fl 11^ for 1 < i < 5. Steps 2 and 
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3 show that the hnes Li C H are distinct and that no three of these 
hnes are concurrent. 

We may therefore assume that: 

n'l = {xo=X2=0} 

n'a = {xi=a;3=0} 

Ilg = {xo + a;i=X4=0} 

^4 = {xq + \Xi=aX2 + bXs + CX4 + l{xo, Xi)=0} 

where a, b and c are constants and / is a hnear form. The constant 
A 7^ 0, 1 or oo because no two of the planes IIj he in the same hyperplane 
section of Y. The constants a, b and c are ah non-zero, as otherwise 
either two of the hnes Li coincide, or three of the hnes Li meet at a 
point. Up to rescahng, we may assume that: 

nl={to + Xti=X2 + X3 + X4 + /(to, ti)x=0}. 

The equation of Ilg is of the form: 

n5 = {xo + flXi=aX2 + Pxs + 7Z4 + l'{xo, Xi)=0}, 

where /' is a hnear form and a, (3 and 7 are constants. As any three hnes 
of Li, ■ ■ ■ , L5 have to satisfy the conditions of Steps 2 and 3, a, (3 and 7 
are all non-zero. I may assume that a = 1. Considering triples of lines 
{Li,L5,Li) for 1 < i < 3 shows that /? ^ 1, 7 7^ 1, and {p:j) ^ (1:1). 
The equation of Y may be written uniquely in the form: 

(9) /(xo,--- ,X4) +5f(xo,--- ,0:4) = 0, 

where the monomials that appear in / have degree at least 2 in xq, xi, 
while g{xo, ■ ■ ■ ,^4) = xogo{x2,X2,,X4) + xigo{x2,X2,,X4) has degree ex- 
actly 1 in Xo,Xi. In the expression (Q, g may be written as a linear 
combination of the monomials: 

(X0X3X4(X2 + X3+ X4), XiX2X4(x2 + ^3 + X4), 

(Xo + Xi)x2X3(x2 + X3 + X4), (Xo + Axi)x2X3X4). 

or as a linear combination of the monomials: 

(X0X3X4(X2 + (3X3 + 7X4), XiX2X4(x2 + /3x3 + 7X4), 

(Xo + Xi)x2X3(x2 + /5X3 + 7X4), (xq + /iXi)x2X3X4). 

Equating these two expressions shows that either g = or X = ^. 
li g = 0, Y does not have isolated singularities; If A = /x, 114 and II^ 
are bot contained in the hyperplane section H(^i,xy Both cases yield a 
contradiction: the cubic fibration X has at most 4 reducible fibres. D 
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Example 4.3 (The Burkhardt quartic). It is known that a nodal quar- 
tic hypersurface in P*^ has at most 45 nodes |Var83[ IFri86j . Up to pro- 
jective equivalence, there is only one 45-nodal quartic 3-fold y C P^ 
[dJSBVdVQOj and its equation is: 

{xq - Xo{xl + xl + xl + xl) + 3xiX2X3a;4 = 0}. 

Let Y be the blowup of Y at the 45 nodes. The defect of Y satisfies 
a{Y) = b2{Y) - 45 - b2{Y) = 62 (F) - 46. The cohomology of Y 
is determined in |HW01] and b2{Y) = 61, so that the defect of the 
Burkhardt quartic is 15. 

Alternatively, the plane n={xo=a;i=0} is contained in Y. Let X be 
the 3-fold obtained by blowing up Y along the plane 11; the equation 
of X is: 

^0(^0 - ^i)^^ - toi^l + xl + xl) + 311X2X3X4^ = 0, 

and on the affine piece ti 7^ 0, this reads 

to{tl — l)x^ — to (2^2 + 2^3 + 3:4) -|- 3X2X3X4 = 0. 

The central fibre, which corresponds to {to:ti) = (0:1), has three irre- 
ducible components: the planes {to=Xi=0}. Each fibre is reduced and 
irreducible for (to^^i) 7^ (0:1) and (to^^i) 7^ (l:a;*) for < z < 2, where 
cj is a cube root of unity (notice that considering the affine piece t 7^ 1 
yields the same results). The generic fibre X^ is a nonsingular cubic 
surface in P^. 

Consider for instance the fibre Xi over (1:1). The fibre Xi is the 
union of three planes inP(x, X2,X3, X4): ni={x2+X3-|-X4=0}, n2={co'X2+ 
X3-|-u;^X4=0} and n3={a;^X2-|-X3-|-a;x4=0}. The situation is analogous 
for the other two reducible fibres. There are 27 closed subschemes in 
X \ IJi=oi2"^« isomorphic to Ppi^fu Ku;^!)))- ^^ other words, the 27 
lines on the generic fibre may be completed to divisors on X, they are 
rational over P^ \ {Ui{{uj^:l)}). The Picard rank of X^ is 7 and the 
generators of Pic(X^) complete to independent Cartier divisors on X. 

The rank of the Weil group of the Burkhardt quartic is 16 and its 
defect is 15. 

Corollary 4.4. Let Y4 G W"^ be a quartic 3-fold with defect 15. Then 

Y is projectively equivalent to the Burkhardt quartic. 

Proof. The quartic Y4 C P^ has defect 15, hence by Corollary I3.13[ 

Y contains a plane n={xo=xi=0}. Denote by X the blowup of Y 
along the plane 11. By Lemma 14.11 the cubic fibration X has exactly 
4 reducible fibres, each of which has exactly three irreducible compo- 
nents. As in the proof of Theorem 14. 2[ we use the description of planes 
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contained in reducible fibres of X to carry a refined analysis of the 
monomials appearing in the equation of X and Y. If the equation of 
Y reads 

{xoOs + Xifos = 0}, 

where a^, 63 are homogeneous cubic polynomials, and if X has 4 re- 
ducible fibres, it is easy to see that {xq = Xi = a^ = b^ = 0} consists of 
exactly 9 points, which hence have to be ordinary double points. There 
are 9 flopping lines in X that lie above these 9 ordinary double points. 
The cubic fibration X is nonsingular outside of its 4 reducible fibres. 
Using calculations analogous to those in the proof of Theorem 14. 2[ 
there are precisely 9 singular points lying on each reducible fibre, and 
these therefore are ordinary double points. The quartic Y is nodal and 
has at least 45 ordinary double points. By |Var83t ldJSBVdV90j . Y is 
projectively equivalent to the Burkhardt quartic. 

D 

4.2. Higher genera. The genus g oiY satisfies 3 < (? < 10 or (7 = 12 
|Muk02] . Mukai shows that ii g = 12, Y is nonsingular; Y is factorial 
and therefore does not contain a plane, li g = 10, Yis C P^^ is a linear 
section of a 5-dimensional 6*2- variety in P^^; . If g = 9, Yig C P^*' is a 
linear section of the 6-dimensional symplectic grassmannian G C P^^. 
In either case, Y does not contain a plane, because neither G2 C P^^ 
nor a C P^2 does |LM03j . 

Let Y2g-2 C P^+^ for 4 < 5f < 8 be a Fano 3-fold with terminal 
Gorenstein singularities that contains a plane II ~ P^. The defect of Y 
can be bounded by studying the projection from the plane U G Y. Let 
H: X ^ Y he the blowup of Y along II, so that the projection from II 
decomposes as: 

X 




1- ^2,3 C P^,5' = 4. The morphism vr is i^x-negative and is a 
conic bundle over ^ = P^. The rank of the Weil group of X is 
bounded above by l-l-deg(A), where A is the discriminant curve 
of TT in P^. The 3-fold X is a complete intersection of sections 
of the linear systems |M + L| and |2M + L| on the scroll Fo,o,i 
over P^. Computations on the scroll show that deg(A) < 7, so 
that the defect of Y is bounded by 8. 

2. ^2,2,2 C ^^,g = 5. The morphism vr is birational, maps onto 
V^ = P'^ and Ax is vr-ample. The 3-fold X is a complete in- 
tersection of members of \M + L\ on the scroll Fo,o,i over P^. 
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In order to bound the defect of Y, it is enough to bound the 
numbers of points of P^ such that the three sections of |M + L| 
in the fibre of the scroll Fo,o,i are not linearly independent. In- 
deed, the centre of the morphism vr consists of a finite number 
of points because Y has isolated singularities. Crude consider- 
ations on the birational map X ^ F^ show that the defect of 
Y is bounded above by 7. 
3. g = 6, 7, 8. The morphism tt is birational, Ax is vr-ample, and 
maps X onto Vd, a Fano 3-fold of index 2 and degree d = 3 
when g = 6, 4 when g = 7, and 5 when g = 8. The 3-fold 
Vd has isolated canonical singularities. We can adapt some of 
the methods in [TakOGj . and use the explicit descriptions of 
linear subspaces of Y that follow from |Muk02] to study the 
birational map X —>■ Y. The defect of Y is bounded above by 
5 when g = 6,7 or g = 8. 

Proposition 4.5. 

1. The defect of a terminal Gorenstein ^2,3 C P^ that contains a 
plane is at most 8, 

2. The defect of a terminal Gorenstein 1^2,2,2 C P^ that contains a 
plane is at most 7 , 

3. The defect of a Picard rank 1 terminal Gorenstein Fano 3- fold 
of genus g = Q,7 or 8 that contains a plane is at most 5. 

4.3. Non anticanonically embedded Fano 3-foIds. I say a few 

words about the Picard rank 1 terminal Gorenstein Fano 3-folds whose 
anticanonical ring are not generated in degree 1 and that contain a 
plane. First recall from the proof of Lemma 12.31 that the case of the 
double quadric does not occur, so that I only need to consider the 
case g = 2. It is known that the defect of a double sextic with no 
worse than ordinary double points is at most 13 and that this bound 
is attained by a double cover of P^ ramified along the Barth sextic 
surface |Wah98l lEnd99j . I conjecture that this bound holds for terminal 
Gorenstein singularities, although I have little evidence to support this. 

Conjecture 4.6. The defect of a double sextic with terminal Goren- 
stein singularities is at most 13. 
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